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Lemma 0.1. RCA{ proves that there exists an algebraic closure of Q.
Theorem 0.2 (S.). Over RCAg,

1. every algebraic fields admits the unique prime ideal factorization,

2. a prime p ramifies in a cyclotomic field Q(¢,) if and only if p|n, and,

3. XY-induction scheme is equivalent to the assertion that there exists
a table of the prime ideal factorization of arbitrary length for every
%.9_definable algebraic field.

Corollary 0.3. 1. Elementary Arithmetic proves the unique prime ideal
factorization for algebraic number fields.

2. It also proves that a prime p ramifies in a cyclotomic field Q({,) if
and only if p|n.

3. Over Elementary Arithmetic plus B, 3j-induction scheme (1 < k) is
equivalent to the following assertion: There exists a table of the prime

ideal factorization of arbitrary length for every £.9-definable algebraic
field.
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In attempting to construct the decomposition field of a polynomial by the
methods of Section 35 in a similar manner, we face the problem of factoring a
polynomial in a given or already constructed field. There is no universal method by
which, for any explicitly known field K, a decomposition into prime factors of the
polynomials in K [z] could be performed in a finite number of steps, and there are
reasons for the assumption that such a general method is impossible.!* On the other
hand,we have seen that there are such methods for factorizations into primes for
special fields (fields of rationals, fields of the Gaussian integers, of the rational
functions in n indeterminates with rational coefficients, of the residue classes modulo
p, etc. ).

WHE . Simpson/Smith, Factorization of Polynomials and X In-
duction, Annals of Pure and Applied Logic, 1986, &£ b,

Theorem 1.1. Over RCA}, X9-induction is equivalent to the following as-
sertion: For every countable field F' and every polynomial f(X) € F[X],
f(X) has a finite factorization into irreducible polynomials over F.

o RCAGIE, JEGL, M, BRI, NP, S0 Mk A BOFEEATLD
5.



Friedman/Simpson/Smith, Countable Algebra and Set Existence Ax-
ioms, Annals of Pure and Applied Logic, 1983.
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S., Reverse Mathematics and Isbell’s Zig-Zag Theorem, Mathemati-
cal Logic Quarterly, 2014.

Theorem 1.2. Over RCAg, WKL is equivalent to Isbell’s Zig-Zag Theorem
for countable monoids: b € B is “dominated” by A if and only if b has a
“zig-zag” over A where A C B are countable monoids.
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S. and Yamazaki, Reverse Mathematics and Order Theoretical Fixed
Point Theorems, Archive for Mathematical Logic, 2017.

Theorem 1.3. Over RCAg, ACA¢ is equivalent to each of following theorems:

e Abian-Brown’s Least Fixed Point Theorem: If P is a countable and
complete poset, then every order-preserving self map on P has a least
fixed point.

e Markowsky’s Converse of the above: If P is a countable poset such
that every order-preserving self map has a least fixed point, then P is
complete.

e Davis’ Converse of Tarski’s Fixed Point Theorem: If L is a countable
lattice such that every order-preserving self map has a fixed point,
then L is complete.
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e S. G. Simpson, Subsystems of Second Order Arithmetic, 1999-2010.
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Hajek and Pudluk, Metamathematics of First Order Arithmetic,
1993, kb,

1.58 Theorem. (1) In IX); we may A; define general power and factorial
functions; i.e. total functions z¥ and z! such that the formulas z = z¥ and

z = z! are Ay in I X and 1Y proves the following:
2 =1and z5W) = z¥ x 7,
0!'=1 and (5(z))! = z! x S(z).
(2) 1%, proves that there are infinitely many primes. In I.¥; we may define

an increasing A; enumeration of all primes.
(8) IX; proves the prime factorization theorem.
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Grand conjecture. FEvery theorem published in the Annals of Mathe-
matics whose statement involves only finitary mathematical objects (i.e.,
what logicians call an arithmetical statement) can be proved in elementary
arithmetic.

e Elementary Arithmetic (#1954 &, RH, #5, RE, WP, 35
JRIE L DR B,

Hajek and Pudluk, Metamathematics of First Order Arithmetic,
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The most basic theorem about such systems of Bounded Arithmetic is the
following one, which is usually referred to as Parikh’s Theorem.

1.4 Theorem. Let 3 be a E{ formula and let 7 be a H[{ -formula. Suppose
that

IZ{(f) + 7 F (V2)(f(z) < f(= + 1)),
IZ{(f) + 7+ (V2)Bu)(a,v).-

Then for some term ¢(z) of L(f)

IZ5(f) + 7 F (V2)(3y < Hz))d(z,y)-

[ﬁUr Simpson and Smith & O, FEHERDOHEARDY conservative 7 k,}

4.4. Corollary. The first-order part of RCAg is just the theory in L, whose axioms
are the basic axioms, Xj induction, and X9 collection. (This is the theory
BX, + exp of [7].)

4.9. Corollary. WKLg is a conservative extension of EFA for IT3 sentences. In
other words, any ITJ sentence which is provable in WKL} is already provable in
EFA.
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Lemma 2.1. RCA{ proves that there exists an algebraic closure of Q.
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countable field has an algebraic closure.; 2.12 %% TEvery countable
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In the present paper, we study the weaker system RCAg consisting of addition,
mutiplication, exponentiation, A comprehension, and Xj induction. Thus RCA,
is equivalent to RCAJ plus =¥ induction. It is known that RCAS is properly
weaker than RCA,. It turns out that some but not all of the results of [1] which
were proved in RCA, can be proved in RCAg. For instance, it appears that
RCAZ$ is sufficient to prove Theorems 3.5, 4.1, 4.4, 4.5, 5.4, and 6.4 of [1]. The
proofs would be essentially the same as in [1] except that Lemma 1.5 of [1] must
be replaced by Lemma 2.4 below. We do not know whether Theorems 2.5, 2.12,
3.1, 3.3, and 4.3 of [1] are provable in RCA3. Lemma 2.4 of [1] is definitely not
provable in RCAg.

Y72 VT v ORI 0 DL &S RCAL TTEZ00 LILARVLD, HEATRL,



Theorem 2.2 (S.). Over RCAG,

1. every (Zg—deﬁnable) algebraic fields admits the unique prime ideal
factorization,

2. a prime p ramifies in a cyclotomic field Q(¢,) if and only if p|n, and,

3. ¥-bounded comprehension axiom (1 < k) is equivalent to the as-
sertion that there exists a table of the prime ideal factorization of
arbitrary length for every Y9-definable algebraic field.

Corollary 2.3. 1. Elementary Arithmetic proves the unique prime ideal
factorization for algebraic number fields.

2. It also proves that a prime p ramifies in a cyclotomic field Q({,) if
and only if p|n.

3. Over Elementary Arithmetic plus BE1, S9-induction scheme (1 < k) is
equivalent to the following assertion: There exists a table of the prime
ideal factorization of arbitrary length for every Y.9-definable algebraic
field.
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